In this paper, a new conservative high-order compact finite difference scheme is studied for the initial-boundary value problem of the generalized Rosenau-regularized long wave equation. We design new conservative nonlinear fourth-order compact finite difference schemes. It is proved by the discrete energy method that the compact scheme is uniquely solvable; we have the energy conservation and the mass conservation for this approach in discrete Sobolev spaces. The convergence and stability of the difference schemes are obtained, and its numerical convergence order is O(τ 2 + h 4 ) in the L ∞ -norm. Furthermore, numerical results are given to support the theoretical analysis. Numerical experiment results show that the theory is accurate and the method is efficient and reliable.
Introduction
In this paper, we consider the following initial-boundary value problem of the Generalized Rosenau-RLW Regularized Long Wave (RLW) equation ( 
This paper is organized as follows. In Section , a nonlinear and conservative difference scheme for the GRRLW equation is constructed, and the discrete conservative laws of the difference scheme are discussed. The unique solvability of the numerical solutions is also given. In Section , the prior error estimates for a fourth-order finite difference approximation of the GRRLW equation are obtained, and the convergence and stability of the difference scheme are proved. Numerical experiments are reported in Section .
Finite difference scheme and conservation law
Let h = (x r -x l )/J be the uniform step size in the spatial direction for positive integer J. Let τ denote the uniform step size in the temporal direction. Denote
j denote the approximation of u(x j , t n ), and let
As usual, the following notations will be used:
We now introduce the discrete L  -inner product and the associated norm 
For the discretization of the first-order derivatives u x , the second-order derivatives u xx and the fourth-order derivatives u xxxx of the function u(x), we have the following formulas:
omitting the small terms O(h  ), we obtain the approximation of u xx , u x , and u xxxx as
where U i is the approximation of u(x i ). The corresponding matrix form is
and
.
Imposing the compact difference scheme of the GRRLW equations (.)-(.) gives
The eigenvalues of the matrices M  , M  are, respectively, in the following forms:
For the real symmetric positive definite matrices
 . Then H  , H  are also real symmetric positive definite matrices. Now, we introduce the following discrete norm:
Proof It follows from Lemma . that the eigenvalues of H  and H  satisfy
these give the spectral radius ρ(
, ρ(H  ) ≤ , and consequently
Thus we have
Lemma . []
For any discrete function V ∈ R J  , we have interpolation formulas as follows:
for  ≤ k ≤ n, and
for n ≥ , where K  and K are constants independent of h and V .
where K  is a constant independent of h and V .
where K  is a constant independent of h and V .
Lemma . []
Let (H, (·, ·) h ) be a finite-dimensional inner product space, · h be the associated norm, and g :
Lemma . []
Suppose that the discrete function {ω n | n = , , , . . . , N; Nτ = T} satisfies the inequality
where A, B, and C n are nonnegative constants. Then
where τ is sufficiently small, such that
The matrix form of the difference scheme (.)-(.) can be written as 
Proof Taking the inner product of (.) with U n+   , we obtain
from Lemma ., we have
Thus from (.)-(.), we can obtain
Let E n denote the following discrete energy:
then from (.), we get
Multiplying (.) with h, according to the boundary condition (.), summing for j from  to J -, we obtain
then we have
This completes the proof.
Lemma . Assume u  ∈ H   ( ), then there is the estimation for the solution of the difference scheme (.)-(.)
Proof From Lemma ., Lemma ., and Theorem ., we have
Hence, we can get
It follows from Lemma . that
Proof From the definition of · h , we have
The proof is completed.
Theorem . The difference scheme (.)-(.) is uniquely solvable.
Proof For a fixed n, (.) can be written as
we define F on Z  h as follows:
obviously, F is continuous. Computing the inner product of (.) with ξ and considering
Next, we will give the uniqueness of the difference solution. Assume that U n and V n satisfy scheme (.)-(.), letting w n = V n -U n , we have
Computing the inner product of (.) with w
by Lemma ., we can estimate (.) as follows:
where
. Substituting (.) and (.) into (.), from Lemma ., we obtain
Choosing small enough τ , we obtain by Lemma .
Convergence and stability of the difference solution
In this section, we will consider the convergence and stability of the finite difference scheme (.)-(.). Assume that the solution u(x, t) of (.)-(.) is sufficiently smooth. We define the net function u n i = u(x i , t n ) and the truncation errors as follows: , we obtain
Computing the inner product of (.) with e
Similarly to the proof of Theorem ., we have
Choosing small enough τ , from Lemma ., we obtain
From the discrete initial conditions, we know that
Then we have Table 4 The maximum norm errors and spatial convergence order with fixed time step Table 5 The maximum norm errors and temporal convergence order with the fixed space step h = 0.1 This completes the proof.
We can similarly prove the stability of the difference solution. where E(τ , h) = u n -U n ∞,h . First, we test the spatial errors and convergence orders by letting h vary and fixing the time step size τ sufficiently small to avoid contamination of the temporal. Table  . It can be seen from Table  that the convergence order of the compact difference scheme (.)-(.) is about  with respect to the spatial step size.
We further test the temporal errors and convergence orders. Fix h = ., a value small enough so that the spatial error is negligible as compared with the temporal error. Take 
